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“bagbolbsmzgol mabem 965y Lfsgwrgds bLHMEo InL3MOL (3bmggel 393d0ML Lgmsls s EFbmaMmIdLL
dmeob” (0d39).

g4m39wo gmo, MmIgubsg d9abgdmwo sd3lb mogobo ghmgbmwmo MbogsmmmMmds s 3s6wagmemgdEmds,
MROOLOWEYdS 05308 IS Josl, OLEHMMOL S WOGIMIGMELL. SBg 0d393> Y39Ws (3030WOHIIMO
bogbo 0065090039 BMBEomdo. 053Mmd  Magdsd30l  93MM30L, 39M0MmE, 3MEWMmbgmol  Fogswomo
039o3L, LOOE ©IYEIOL s 35890 (FBobs IM3goegmds B0sBbosm Tgobfogermb Lsgzmmat B30¢gdl
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90mdomGmo gbs L3mEsdo TobgwsdEg, PoFMNMb 35@sMmgd0 893Y39wgdsdo s dgomz0Lgdobmb dsm
30m®bm®mo gbol obEBHMM0s3, WOGIMGHIMSEG s FTMdXOGO gbsg.

Mol 603653l 9oL AogMHMBds,  FoOYIIMJOS? 00300  MRJOSAZ00L  0bEBHIMILYDS  sbodbEo
3600¢gdom oboggdos. 356 3960 03MEs, HM3 HYLYNOL F3M0DT0 ImfmEIdEo 0gm JmgbEobs 35@sMS
96900L sLOTOEHE0S. 30MZ39W MOYTO LsFOMM 0gm Ym3z9e JoOM39wrdo 359990l bLoyzsMwol s0dmabgzms,
05000308 0530L0 J399bol oMo FoObryeol ©s30fgygds, 9bol Fotrmdgzs s gHmgbmwmo JMwEHmEoL
dnb3mds. OO g9adsdmIngms, Bodox-Bsdoyx  SBMOE0gWgds  s3sL.  obobo, 3063  Lo@yzom
353MH0MGHMdPH9D, Loddom 30 - VIWSGMBPBID JoMmam gbsl s By 8gGHY39egdsBY A9IOMEHIP,
053m3L 30939639 g05© ©5 5,350 JoOIMZ9WGdS“ F0sRbS.

Abxg™dEs 5 JoMm3gwo geoL dmdsgowbg s Fobo  F63005MmgoOL  39ML3gJBH035DY, 0530d
3M29058300l 930w gdWs© J0shbEs JMbMMo 06EFIMILGOOL ©IIEY3s S LOWMWOosE LadsOmzgwml
06396M9b9d0L Hobs 3esbBy Fodmfgzs. 3Mmbr® 3560B3gGHOWMBL Lods®MZgmml (39e3gmo Tbscmggdol
MONO0IONEIS0MOL30MGOL  Bosbol FoMs b3S 5MoREMOL Fm@sbs 56 Fggdewm. s80GHMI Fms35Mm0 S8M3Esbs
0ym  3mbLmEoEs3os, 9gMol gzgws ggbol gMmo FJobBbom ogMm0sbgds, I3MPBYG  35MBS3YEHOWMISBY
505090 @ Loghomm  Lobgwdfoxzmgdmogo  0bGgMglgdom  bgmddmgsbgmmmds. gl 399MHMINW0sbgds
LodoMmmM39w Mo 30, M30MH39mgl gmgeobs, JsGmwo 9bol sbIsmgdom Mbs ImIbEIMOYM. 3sdmdobaty
599096, Joeomao gbs JosH Mo ghmzgbmewo 30E0s6mdOL 30MHMBdIE s FoMbEHI© 0ym gsdm(3bsEIdMO.

JoM00M@o 3MWEHMOHOL obEHMM0sdo dbgeos oslbgMm MRGM EOEO sIMBYbs, 30MY bosbdsby
fogbol 306H39wo 2533900 - Y50-05" 5MOL. oI FMdIOWS® FJodwrgds 00g3sL, MM gl sGol
93mdocy®o  dogbgds. gl oMol FopabogMgdol b3 HOlsm3zol Y3gwsby JoMx3zge Imeygdwyeo
39L50900, MoMInl MBGW® s 0dEYHs FoMGH030, Y39wolomzol bsabmdo s dbgdmogz0, HMI, MHmas g
239L509d0 bgm oFosgl, 39Ms 330MIbMdm ol LoOsEIL. SBYMOS 053MB FMAJOI30¢0l MZolsBOHOLO
JoO 0390900 9OHMm36v9o 3bMd0gMHgdoL Bm®IoMgdsdo.
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3M330GHgO™o F9dbmemyogdo s 3500935@035

300533l sdgryengdo

939 96058300
3965900l, BMLE s LsdbgdoLdgEY3gErm F936096M9d50s

335310 GHIGOL 0535¢536M05G0L Bogergdols 3oM3zgwo Herol b ab@o
bgddn3569w0: Ergms semgdlody, sbmEoMYOMo 3OMBILMOO

g4m39wmzol  350bGHMgLgds, 9godwgds mvy oMo  FoMm3mbs  Lodzmmbgol  bsdozg 39M©O
29900bsbmb oo dogaro Goibgzgdom, 39bGHgdom, bsdo MoEbgzoL oyml m™mo wrwfo.

GmO3 50360869m, JoMmMmbs bs33MEbgEL, HMIOL A439MJd0s 3, 4 S 5 Ja303GH MO gimgds.
0050, 5OLYOMOGD 0LYMO FsMMIMMby bT3MMNbYJdO, MMl 239MHEYdo: 5, 12, 13 ©s 13, 8, 15 o ».0.
09 59 J5OM3MMbs b93MNbYIIOL LOAMAYIOL 25350653 gd GOMLY S 03539 FogE MoEbaBY, Jog300gdM
sboEro  FoOHmzMmbs  Bod3mmbgol 339MIdoL  LogMdggdl. sy MHMI, mv) ToOm3Mmbs Lodzmmbgol
3396900l Loga®dggdos: 3n, 4n, 5n, 95806 (3n)2+(4n)2=(5n)2, LoSE nl N. sbg3g vy 5n, 12n, 13n,
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Fomm3mmbo 1sd3mbgol 3439MmYd0s, 35d0b (5n)%+(12n)?=(13n)?%, Lo nl N, oS3 300J3500 n=4-U,
05906 (5x4)%+(12xn)?=(13n)?, 9. 0. 400+2304=2704 > 5. 3.

O0amOH3  3bgegm, Bgdmdmyzsbowo FmOINgdoo dgodagds w9sdMego  Abgoglbo  oMmImbs
15930bgEOL 5390, Foa™od JoMmMmbo LsI3MbYEOL A39MHYOOL Fodmbsmzgmgwo Mogbggdos: 3, 4, 5. 5,
12, 13 o 13, 8, 15. 996H»0gH»do0rEGH030 dmgero HoEbgzgdos, bagrm dsGmzmmbs Lsdzmmbygdol 39Mgdo0,
H@3ol Loa®mdgdos 20, 48 s 52 XM 4-0b.

dbgo o6 560l ©sBH30EJd, BMT ToOm3Mmbs Lsd3Mmbgol bsdogy 33900 56 dg0dwwgds oyml
39630, o ©o3md390m, Mmd ULsdogg 39bGHo Gogbgos g.0. a=2n+l, b=2m+l1 o c=2k+1, 0s90b
a?+b%=(2n+1)*+(2m+1)’=4n?+4n+1+4m?+4m+1=4n+4n+4m?+4m+2=2(2n*+2n+2m?+2m+1); 586050 #sdm@OL, HmI
aZ+b%®mob o, sdo@mds 56 dgodwgds ¢ oymb 396@0. 0o8sboody, B3gbo 83905, GMA bsdogg Gogbzo
396309, 56 5oL LmOo.

31939 5305 F90dgds s3M{dMbYm, HMB MO0 Tomysbo o6 Tgodwgds ogmlb fo. JsOOWSS,
0v) MO0 35060 046905 wfio Mogbgo g.0. a=2n, b=2m, 35906 a*+b?=(2n)?+(2m)?=4n*+4m?=4(n’+m?). GMYMOE
36900530, GHME™mdoL JoMsbgbs oty ogmas 4-Bg, 35006 GHMEMdOL Fotx39gbs FbsMY3, Wbs yoogml 4-By,
9b 30 35806 Imbgds, v ¢ 4o0YmRs 2-Bg. Boa™sd 59 dgdmbzgzsdo Lodogg MoEbzo s0dmBbrgds wfo, gb 30
MMM 503603690, 99v9dwgdge0s, g.0. MRgds 9dmbggzs, M3 MmO Goabgo 396G, bmerm dglsdy -
wgfo.

o) a s b ®ogbggdo 396305, 35806 ©9E30EIOIWMWOlL Msbsbdo, a%+b? o Gosbgos, bmwwm 2
30MHMBOL Mbobds@ W fos. 530GHM BHMEWMdS a2+b’*=c2-03 )6 sOLGOMBOIL.

506030, M) 5MLYIMBL Lsdo MOMOYMMNTsMEGH030 dogwo Moabzo a, b, ¢ s LOMEIEYdS GHMEIMDdS
a%+b?=c%. 05906, 53 M0o3bggdosb MmMo 396G0 MbEs oymb, bmwm ghmo wufo. Bgdmo dmygzsbogn
0somomgddo: 3, 4, 5; 5,12, 13 5 8, 15, 14 gl 306HMds ©3os. 3bsos, gb 306HMBS 5ME0WYdY0,
00050 505L5305M0L0. Lsdo 6gdobdogMmo HoEbzobmzol, HMIYGEMAD JHMO YymggEmzol o6 WMol dgbsdy
60Ebzol 3350M@L. Foadw0mo© 3+52=34, Top®d o6 sOLYdMOL HOEb30, HMIEOL 335MGH0 MOl 34-b
31900 298Mbs3EoloL 0HYPHZ9W, 300553 Fgdenm 0bgm FgmMEOL dgdmdsgzgds, GmIwol dgdzgMdOMS3
00100906905 30m9gMML GHM05©gd0.

30053mMsL Fgbol Msbobdo, a=2n+1, b=2n*+2n, c=2n*+2n+1. 53605, (2n+1)*+(2n*+2n)*=(2n*+2n+1)%
0060950, BMMHIMEgd0 a=2n+1, b=2n%+2n, c=2n*+2n+1, GemEs n=1, 2, 3, .... 03935 30053MML BHOHOSEIVL.

300020l GmMIM0@sb  b=2n?+2n, c=2n?+2n+l godmEOL, ™I 303mEH 6N bs ymgzgwmgzol dgGHo
Mbs 0gml ghHm-ghm JomgBHbg JOO GOMIMom, Toa®sd bmd sOLYdMBL oMby bsdzMmbyo,
G0dgoms 3390©gd0s: 8, 15 s 17 gb dsgocomo 0dol dsb3z9bgdgros, GMI 30MoaMesl BmOIMom
99999 gd90s 8c0dgdbml dobo y39ws GHM05@0, 5d0@™A 30003MmMol Imfoxggdo 0mfi3mbgb 93mzsm MB®M™
dwogmo ©s LOHMWYNGBOWO BnMOTMWs, Tom 03Mm398 30003MML GO0 Bsdgdbo BMEIMWYdOo, MmEs a
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2 2 &2 3782 ¢

36MHM3g  ©05MmbMLOL 450dM(3900 30MoaMmMIL  GHGM05©IdOL dmdgdbol goom-ghmo fgbo 03m3gs
3odmbds d3.§. 428-348 fangddo. ol BmEGIMEIdL sbgmo boby sdgL: a=2n, b=2n%-1; c=n?+1. 5Jgsb (2n)*+(n-
12=(n%+1)?, LsoBSE, BmEs n=3, 5, 7,... Gm3s> n 396@0s, Im0dgdbgds MLILEOMEIME I35 BsGMIMObS
L533MmbgEOL 3439M©Id0, MMIIdoE HMIYE0dg wrfio MoEblzol XgMHoo 0d69ds, bawm Gemas n = 2-U , 4-U,
6-U ... 35906, IbmM© s IBMEME 30MsgMML GHM050gd0 In0dgdbgds.

3oGmbol 935980530  dolds  Bmfoxzggdds 03m39L  BMEOTMEYd0, OMIWIOOM3  30MIZMML
605900l Indgdbs 990dwwgds, HMES JM0-9gMmMO JsmgBoL LogMdg wwfios 58 GmOmTMgdom. vy a wfos,

2

3sdob Goibzgdo A, QET -1 o QE— +1 0dg3s 30mopm®sl HG0sEl ©s 500GM™I FG8BsG0E0s
e<g (S247}

, 2 5 .2
Lo 9 _ao .0
a’+ ¢~ - 1T =40+ +1T Hmemds. 5860350, 30053m65L G053 LdgHdbymdo slgmo s3mblbs
29 . 29 .
a (7]
2 2 .. .2
a’-1 a“+l A0 a0
dooom: a, Qo , ®mEs & 396¢)09, b &, o+ - 1 o (o +1, Gmgs aafos.
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397LoL 9OHMY35MM3560 39egdols BGsGHOLEH03MMO LAMMIGWOIOOL dseEIdYEo
099935590900 3 F3EEYOIEO 3MOGHYIH0vTgdo

Boo0s 3sl®sdg
3965900l, DML s LsdbgdoldgGYzgerm 3936096M9d50s

3931 GHIGOL 05350530050 Lfogergdols dgbsdg fierol bdmgb@o
b9wddm3569wo0: BMMsd BgMs30dg, 3OHMRILMOO

3049350 3399990 2359436 3i(f,w) ombol ghmygzsMmzsbo ggwo Ezi(f,w)=0 tE€TER" ymggero i€EN by (t-
s)= Ezi(f,w)3i(s,0)i€N t,s€T.  gombol 3i 9O35MMm3560 390l Jglodsdol Bmaogho WIEN Fgbodsdolo
1033300399000 fi(A) IEN.

2396LsBE3Mgds. B39b 3039300, GMA {E, S, pi€N} gomlbol gHhmyzsmmgzsbo 39wgdol LEsGOLE03MOO
LAHOMIGHIOS M3 3561509GMYOOL oGO Fgx3sligdsl, vy sMLYIMIL ghmo o063 olgmo bmdso
sbobgs f: (E,S)=>(I, B(Igmggwo i€l

396LsBE3Mms 2. B39b 304H930m, GMA {E, S, pi€N} gomlbol ghmy3smm3z560 39wgdol LEs@obEG03MeMmo
LEHOYIGHYOJOOL 303mmgboms Fgdmfdgdol doerEdME 3MH0EIMHoMAL M) sOLGIMBL gMmo Tsobl olgmo
BmBoo sbobgs 8:(E,S)=>(H, B(H)), ®md boryagdmgl pi (x:8(x)=Hi)=1i€N.

mgmeégds 1. odobomgol, Mm3 {E, S, wi€N] a0mbol gMmgy3smm3560 39wqd0L  LEHsGHOLEGH03MMO
LAHOMIGHOS  dzgdL  JoMTYGHMIOOL  doergdrer  FgBLYIJOL  30Egdgo s  Bs3TsMOLoS, H™I

I . E'] 1';“: dAdp=+00 gmggeo 1,j EN, boog Bif (Ailt) 5oL 37G0gL §56%BMmS@IPOIM@Oo 35M©5Jdbs bi(t-s) - bi(t-s).

©59H303909, 93O IOMOS. M50  LEHIGHOLEHZMNMO  LEHMMIGMOS  MIZJRL  39M5TgBHMYOOL
o gdgen dgx309090L, 530GMA sMLYdMBL Hmdoo slvbgs FE=>I olgmo, GMI pi (x:f(x)=1)=1i€l. 596
240000bsgmdl, MGmA {E, S, pi€N] sHob 25mbol m®mmymbserMo LEIGHOLE03MMO LEMWIEHMGS. 9.0.
g4m39o i oblibgs390v0s j-Lgsb Hi JoMHMMOME0S 1 9996 B. BYMO30dolL MYMMHJI0E 458MmIObIMYMAL,

™I (fm:] :;P Id7\dp +00 43900 1,j EN. 5800 5E0XYPOIWS® ©T(B30EJOIW0S.

1530560bMds.  dmEgdrwos | fmﬁm J;“Idkdp—wo gmggwo ij EN 306mds 5dgsb b. bgMszodol

095906 A58mTE0bsmgmdlL, Mmd gbgbo pi FsM0MdMos 1 §Y30-H430ws MmMmOMYMmbsemos. 9. o.
3MLGOMBL 0bgmo S BmBoo Xj (k) LodMogegqdo, MMI gmggwo i sblibgzoggdwmos j-bigsb MM gds wi(Xi)=0
5 W(E- Xi)=0 g.0. Bggbo LEIGOLEIMOO LEHMWIEBHMMS LMLESE ABEIWGOOS, Mo3 0dol BodbsgL, G™I

i=j

iFj
5300000 5190 LoIMsz3wggdo Xi=Xi-Xi 1 (UXk) 35006 Xi 561056 §y30e-Fyz0mo msbsm3ggmoo o
Hi(Xi)=1 gmggwo i€N g.0. 3960 LEHsGHOLEH03MMO LEHOMIGHMES FBEIGdO0s. FobgloBOZHMm sbobgs fiE=>1
3900092bs0Mo f(Xi)=i ©> M (xf(x)=i)=li€l. 00  MYMOHYT>  IFZOBIOIL0S.

LGOS F900YA0 30HMDYdO: Wi(Xj) = { é
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30935m, dm3gdMo 935d3L {E,S, Hx, heH] bgo@Gol@ogm®o bEMmwdG©s, bosg E,S Bmdswo boghisgs,
{En, heH} mxobo o@dommdgdos S-Bg. B(H) gl oMol 0-5¢0gqd6s, GmIwgdoi 9903936 yzgws Labdeemo
LodMsg3gqdL H-ob.

99030396 aoBlobEa®gds 1. Bgab wbs 303mgmom, md {ESpx, heH} bEsGobGHozn®o
LEHOMIBHYOS ©F390L JoerEIOE 3OOGHIM0MIGOL 303MGBIMS Fg8mfTgdoLomzol, MYy sOLYGDIMIL gHmO
05063 oLgmo BmBso  gosLobgs &: (E,S)—(H,B(H)), 6Gm3d LOHm©gdmoglb 89990 3060Hmdgd0: [y
({x:8(x)=h})=1, YheH.

29BLsBE3EYBs 2. 30d3om, Jg MOl T-d390@agdGs S-0-5aagdOOL, S5 F-J395¢agdML  gfm©ads
0530L99B50 P-9395a 9B, M) i y39ws 99305603900 3 g-Bg yzgms 9HOLS ©s 08539 8608369 MdL
009RL, Hx(Sg)=const. 0Zconst=1 WheH. Bggbh 3500mdm, MM LEHsEHOLEHOINMO bEHGWIEHMGs {E,S, iy, heH]
@505, M) 5HBYIMBL 0lYMO T-J395wagdM9d0 51, 52 <S G™3 1).

51U 5,=9). 51 s60b 153856 0b0 0-5¢039860b> ©o 5, 560b ®530b¥9535@0.
26LoDE3MYds 3. 98 J39 O-ogdORL Iy U 5, CS g0 ©sIMmM30gdwgdo {E,S,usn, heH]
BAHSGHOLEH03MNO0 BEHMIGHMOGBOLsm30L, M) Hx(BMC)= pp(B)X pwx(C) ymggwo BES; CeS; o YheH.
25653 4. 3mdzom I* = (MLl AES: fa(A)} 0-5¢g90G0L 51 €S 9fi9ds 3060050Mo bagdsGobo,
) 51 15305M0b0 LEsGHoLAH0gss ©d gmggeo Ubgs Si Ls3ds®olbo LEsGOLEH03gdolsm30lL  LHMm©Ids
3060md9d0: 51 Ccr(.ﬁ'lr Ul

300J35m, k 560l g39b03Gogmg G0y 659z0wo 6 3mI3wgdudo iORoz0 39JG™OMo LogMEol
ACk AL 9fm@9ds k LodGsgol 3oMGs J3gbodMogeng, ¢ Bsmo s8mBbgdowo 3mBdobsgos akq+(1-a)ks,
0<a<l 937m360L k-l 08 990mbgggsdo, o) ky s kz 937mogbol A-L, bowm o A LodGsgwg d9ygds
dbmwmE 9000 F9gOHEH0WoLAH, Tl gfim@gds 30MGs FadGowo.  goblobwgMgds. 30dzsm, dm390wEro
23593L §OHx8030 LogHzg s kcX A 5dmbbgjoo 3mddobogos aky+(l-a)ka€A ki, Kz €A 0=a =1 @s0dy k
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Euler number

The number e is amathematical constant, approximately equal to 2.71828...... , which appears in many different
settings throughout mathematics. The irrational number e is a particularly suitable base for both exponential and
logarithmic functions.

eisdefined asthefollowing limit:

e = lim 1 +l)n

Fi—00 T/

History of the number e

The number e first comes into mathematics in a very minor way. This was in 1618 when, in an appendix to Napier's
work on logarithms, a table appeared giving the natural logarithms of various numbers. However, that these were
logarithms to base e was not recognized since the base to which logarithms are computed did not arise in the way that
logarithms were thought about at this time. Although we now think of logarithms as the exponents to which one must
raise the base to get the required number. This is a modern way of thinking. This table in the appendix, although
carrying no author's name, was almost certainly written by Oughtred. A few years later, in 1624, again e almost made it
into the mathematical literature, but not quite. In that year Briggs gave a numerical approximation to the base 10
logarithm of e but did not mention eitself in hiswork.

The next possible occurrence of eis again dubious. In 1647 Saint-Vincent computed the area under a rectangular
hyperbola. Whether he recognized the connection with logarithms is open to debate, and even if he did there was little
reason for him to come across the number e explicitly.

Certainly by 1661 Huygens understood the relation between the rectangular hyperbola and the logarithm. He examined
explicitly the relation between the area under the rectangular hyperbolayx = 1 and the logarithm. Of course, the
number eis such that the area under the rectangular hyperbola from 1 toeis equal to 1. This is the property that
makes e the base of natural logarithms, but this was not understood by mathematicians at this time, although they were
slowly approaching such an understanding.

As far as we know the first time the number e appearsin its own right isin 1690. In that year Leibniz wrote a letter to
Huygens and in this he used the notation b for what we now call e. At last the number e had a name (even if not its
present one) and it was recognized.

It was discovered by the Swiss mathematician Jacob Bernoulli while studying compound interest. It may have been
Jacob Bernoulli who first understood the way that the log function is the inverse of the exponentia function.

On the other hand the first person to make the connection between logarithms and exponents may well have been James
Gregory. In 1684 he certainly recognized the connection between logarithms and exponents, but he may not have been
thefirst.

In 1683 he looked at the problem of compound interest and, in examining continuous compound interest, he tried to
find the limit of (1 + */n)" asn tends to infinity. He used the binomial theorem to show that the limit had to lie between
2 and 3 so we could consider this to be the first approximation found to e.

Jacob Bernoulli discovered this constant by studying a question about compound interest: An account starts with $1.00
and pays 100 percent interest per year. If the interest is credited once, at the end of the year, the value of the account at
year-end will be $2.00.
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What happensif the interest is computed and credited more frequently during the year?

If the interest is credited twice in the year, the interest rate for each 6 months will be 50%, so the initial $1 is multiplied
by 1.5 twice, yielding $1.00x1.5% = $2.25 at the end of the year.

Compounding quarterly yields  $1.00x1.25" = $2.4414..., and compounding monthly  yields
$1.00%(1+1/12)" = $2.613035...

If there are n compounding intervals, the interest for each interval will be 100%/n and the value at the end of the year
will be $1.00%(1 + 1/n)".

Bernoulli noticed that this sequence approaches a limit (theforce of interest) with larger n and, thus, smaller
compounding intervals. Compounding weekly (n = 52) yields $2.692597...,

While compounding daily (n = 365) yields $2.714567..., just two cents more. The limit asn grows large is the number
that came to be known ase;

With continuous compounding, the account value will reach $2.7182818...

Continuous Compound Interest.

Now, with an understanding of limit concepts, We can give precise definitions of e and continuous compound interest.
We can see how e appears quite naturally in the important application of compound

Interest. Let us start with simple interest, move on to compound interest, and then proceed on to continuous compound
interest.

On one hand, if aprincipal P is borrowed at an annual rate r, then after t years at simple interest, the borrower will owe
the lender an amount A given by

A=P+Prt=P(1+rt) Simpleinterest

On the other hand, if interest is compounded n times a year, then the borrower will owe the lender an amount A given
by

A=P(1 + f m Compound interest

Where r>n istheinterest rate per compounding period and nt isthe number of compounding periods. Suppose that P,
r, and t in equation (2) are held fixed and n isincreased.

Will the amount A increase without bound, or will it tend to approach some limiting value?

Let us perform a calculator experiment before we attack the general limit problem. If P=$100r=0.06 andt = 2 years
then...

006 Zn

We compute A for several values of nin Table 1.The biggest gain appears in the first step, then the gains slow down as
n increases. The amount A appears to approach $112.75 as n gets larger and larger.
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] ] 006 42
Compounding Frequency n A=100{14+ —

_ n
Annually 1 $112.3600
Semiannually 2 1125509
Quarterly 4 112.6493
Monthly 12 1127160
Weekly 32 112.7419
Daily 365 112.7486
Hourly 8,760 112,749

If aprincipal Pisinvested at an annual rater (expressed as a decimal) compounded continuously, then the amount Ain
the account at the end of t yearsis given by

A =Pt

Thisformulais called the continuous compound interest for mula, awidely used formulain business and economics.
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We can use calculus to solve optimization problems problems that involve finding the absol ute maximum value
or the absolute minimum value of a function. Asyou work through this section, note that the statement of the problem
does not usually include the function to be optimized. Often, it is your responsibility to find the function and then to
find its absolute extremum.

Area and Perimeter

The techniques used to solve optimization problems are best illustrated through examples.
Example 1

Maximizing Area A homeowner has $320 to spend on building a fence around a rectangular garden. Three sides
of the fence will be constructed with wire fencing at a cost of $2 per linear foot. The fourth side will be constructed with
wood fencing at a cost of $6 per linear foot. Find the dimensions and the area of the largest

garden that can be enclosed with $320 worth of fencing.

SOLUTION to begin, we draw a figure (Fig. 1), introduce variables, and look for relationships among the
variables.

Since we don t know the dimensions of the garden, the lengths of fencing are represented by the variables x and
y. The costs of the fencing materials are fixed and are represented by constants. Now we look for relationships among
the variables. The area of the garden is:

A=xy

while the cost of the fencing is:
C =2y + 2x + 2y + 6x = 8x+4y

The problem states that the homeowner has $320 to spend on fencing. We assume that enclosing the largest
areawill use al the money available for fencing. The problem has now been reduced to:
Maximize A = xy subject to 8x + 4y = 320
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Before we can use calculus to find the maximum area A, we must express A as a function of a single variable.
We use the cost equation to eliminate one of the variables in the area expression (we choose to eliminate y either will
work).
8x + 4y = 320

4y = 320 - 8x
y =80 - 2x
A =xy = x180 - 2x2 = 80x - 2x*

Now we consider the permissible values of x. Because x is one of the dimensions of a rectangle, x must satisfy:
X >0 Lengthisalways nonnegative

And becausey = 80 - 2x is also adimension of arectangle, y must satisfy

y=80-2x>0 Widthisaways nonnegative
80 > 2x
40> x or X <40

We summarize the preceding discussion by stating the following model for this optimization problem:
Maximize A’(x) =80x - 2x* for 0<x<40
Next, we find any critical values of A:
A’(X)=80-4x=0

80 = 4x

X =80/4=20 Critical value
Since A(X) is continuous on [0, 40], the absolute maximum value of A, if it exists, must occur at a critical value

or an endpoint. Evaluating A at these val ues(table 1) we see that the maximum area is 800 when
x=20 andy =80-2(20) =40

Table 1
X Al x)
L] L]
20 HIMD
440 0

Finally, we must answer the questions posed in the problem. The dimensions of the garden with the maximum
area of 800 square feet are 20 feet by 40 feet, with one 20-foot side of wood fencing:

Repeat Example 1 if the wood fencing costs $8 per linear foot and all other information remains the same.

We summarize the steps in the solution of Example 1 in the following box:
Procedure: Strategy for solving Optimization Problems.
Step 1 introduce variables, look for relationships amon the variables, and construct a mathematical model of the form.
Maximize(or minimize) f(x) on the interval |
Step 2 Find the critical values of f(x)
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Step 3 Use the procedures developed in Section 5-5 to find the absolute maximum(or minimum) value of f(x) on the
interval | and the value(s) of x where this occurs.
Step 4 Use the solution to the mathematical model to answer all the questions asked in the problem.

Minimizing Perimeter Refer to Example 1.The homeowner judges that an area of 800 square feet for the garden
istoo small and decides to increase the area to 1,250 square feet. What is the minimum cost of building afence that will
enclose a garden with an area of 1,250 square feet? What are the dimensions of this garden?

Assume that the cost of fencing remains unchanged.

SOLUTION Refer to Figure 1 and the solution of Example 1. This time we want to minimize the cost of the
fencing that will enclose 1,250 square feet. The problem can be expressed as:

Minimize C=8x + 4y subject to xy = 1,250

Since x and y represent distances, we know that X > 0 and Y > 0 But neither variable can equal 0 because their

product must be 1,250

xy = 1,250 Solve the area equation for y.
y =1,250
X
C(x) =8x +4 1,250 = 8x + 5000 x>0 Substitute for y in the cost equation
X X
The model for thisproblemis
Minimize C(x) = 8x +5,000 for x7>0
X
8x=5000x"
C(x) = 8 - 5,000x
8- 5,000x°= 0
8= 5000
X2 The negative square root is discarded, since x > 0.
X% 5,000/8=625
X =V625=25

We use the second derivative to determine the behavior at x=25

C' (x)=8-5000X>

C'"(x)=0+10000X *=10000/X

C'"(25)=10000/25=0,64>0

The second-derivative test shows that C(x) has a local minimum at X=25 and since X=25 is the only critical
value of X>0 then C(25) must be the absolute

minimum value of C(x) for x>0 when x=25 the cost is

C(25) = 8(125) +5,000/25= 200 + 200 = $400

And
y =1,250/25= 50

The minimal cost for enclosing a 1,250-square-foot garden is $400, and the dimensions are 25 feet by 50 feet,
with one 25-foot side of wood fencing.

Repeat Example 2 if the homeowner wantsto enclose an 1,800-squar e-foot garden and all other data
remain unchanged

Conceptual Insight
Therestricions on the variablesin solutions of Example 1 and 2 are typical or problemsinvolving areals or perimetres
(or the cost of the perometer)

8x+4y=320 cost of fencing (Example 1)
xy=1.250 area of garden (Example 2)
The equation in Example 1 restricts the values of x to
0=x<40 or [0,40]

the endpoints are included in the interval for our convenience (aclosed interval easier to work than an open one).
The areafunction is defined at each endpoint, so it does no harm to include them.

The equation in Example 2 restricts the values of x to

x>0 or (0,0)

Neither endpoint can be included in this interval. We cannot include O because the areais not defined when x=0,
and we can never include o as an endpoint. Remember,c Is not a number, it is a symbol that indicates the interval is
unbounded.

Maximizing revenue and profit

Maximizing Revenue An office supply company sells x permanent markers per year at $p per marker. The price
demand equation for these markers is p=10-0.001x What price should the company charge for the markers to maximize
revenue? What is the maximum revenue?

Revenue = price x demand

R(x) = (10-0.001x)x=10x-0.001x*

Both price and demand must be nonnegative, so
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x=0 and p=10-0.001x=0
10=0.001x
10000=x
The mathematical model for thisproblemis
maximize R(x)=10x-0.001x? 0=x<10000
R'x=10-0.002x>
10-0.002x=0
10=0.002x
x=10/0.002
Use the second-derivative test for absolute extrema:
R"(x)=-0.002<0 for all x
Max R(x)= R(5,000) = $25,000
When thedemand isthe priceis
10 - 0.001(5,000) = $5 p = 10 - 0.001x
The company will realize a maximum revenue of $25,000 when the price of a marker is $5.
Matched problem 3
An office supply company sells x heavy-duty paper shredders per year at $p per shredder. The price demand
equation for these shreddersis p=300-x/30
What price should the company charge for the shredders to maximize revenue? What is the maximum revenue?
Maximizing Profit The total annual cost of manufacturing x permanent markers for the office supply company in
Example 3is
example 4
C(x) =5,000 + 2
What is the company s maximum profit? What should the company charge for each marker, and how many
markers should be produced?
SOLUTION
Using the revenue model in Example 3, we have
Profit = Revenue — Cost
P(x) =R(x) — C(x)
10x - 0.001x* - 5,000 - 2x
8x - 0.001x*- 5,000
The mathematical model for profit is
Maximize P(x) = 8x - 0.001x? - 5,000 0<x<10000
Therestrictions on x come from the revenue model in Example 3.
P"(x) = 8-0.002x=0
8=.002x
x= 8/0.002=4000
P'(x) =-0.002x<0 for all x
Sinceistheonly critical valueand P"'(x) <0
Max P(x) = P(4,000) = $11,000
Using the price demand equation from Example 3 with we find that
p = 10 - 0.001(4,000) = $6 p = 10 - 0.001x p =10 - 0.001x
A maximum profit of $11,000 is realized when 4,000 markers are manufactured annually and sold for $6 each.
Theresultsin Examples 3 and 4 areillustrated in Figure 2

58



RO

L CHHEE

3

,.

=
=
=
=

¥ 1/
2 F )
S Bdascimm
i profin

J Profit

Cont dand revene [ dollam)

=
=

=
e

Belimimmann
Coesl

T T T T T L L e

i

L] ’ ' ' ' 5 MMl . ' ' ' |I|_I-|-::1I

Produose om | muamber of markers per yeard
Figure &

Conceptual Insight

In Figure 2, notice that the maximum revenue and the maximum profit occur at different production levels. The
maximum profit occurs when
P'(x)=R'(x)-C'(x)=0
that Is, when the marginal revenue is equal to the marginal cost. Notice that the dopes of the revenue function and the
cost function are the same at this production level.
The annual cost of manufacturing x paper shredders for the office supply company in Matched Problem 3 is C(x) =
90000+30x  What is the company s maximum profit? What should it charge for each shredder, and how many
shredders should it produce?
Maximizing Profit The government decides to tax the company in Example 4 $2 for each marker produced. Taking into
account this additional cost, how many markers should the company manufacture each week to maximize its weekly
profit? What is the maximum weekly profit? How much should the company charge for the markers to realize the
maximum weekly profit?

Thetax of $2 per unit changes the company s cost equation:

C(x) = original cost + tax

5,000 + 2x + 2x= 5,000 + 4x

The new profit function is

P(x) = R(x) — C(x)

10x - 0.001x? - 5,000 - 4x = 6x - 0.001x® - 5,000

So, we must solve the following equation:

maximize P(x) = 6x - 0.001x? - 5,000 0<x<10,000

P'(x) = 6-0.002x

6-0.002x=0
x=3000 critical value
P" (x) =-0.00< 0 for all x

Max P(x)= P(3,000) = $4,000

Using the price demand equation (Example 3) with we find that

p= 10 - 0.001(3,000) = $7

The company s maximum profit is $4,000 when 3,000 markers are produced and sold weekly at a price of $7.
Even though the tax caused the company s cost to increase by $2 per marker, the price that the company should charge
to maximize its profit increases by only $1. The company must absorb the other $1, with a resulting decrease of $7,000
in maximum profit.

The government decides to tax the office supply company in Matched Problem 4 $20 for each shredder
produced. Taking into account this additional cost, how many shredders should the company manufacture each week to
maximize its weekly profit? What is the maximum weekly profit? How much should the company charge for the
shredders to realize the maximum weekly profit?

Maximizing Revenue When a management training company prices its seminar on management techniques at
$400 per person, 1,000 people will attend the seminar. The company estimates that for each $5 reduction in price, an
additional 20 people will attend the seminar. How much should the company charge for the seminar in order to
maximize its revenue? What is the maximum revenue?

Let x represent the number of $5 price reductions.

400 - 5x = price per customer

1,000 + 20x = number of customers
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Revenue = (price per customer)(number of customers)

R(x) = (400 - 5x) * (1,000 + 20x)

Since price cannot be negative, we have

400-5x=0

400= 5x

80=x or Xx=sx

A negative value of x would result in a price increase. Since the problem is stated in terms of price
reductions, we must restrict x so that Putting all thistogether, we have the following model:

Maximize R(x) = (400 - 5x)(1,000 + 20x) for 0= x<80

R(x) = 400,000 + 3,000x - 100x*

R'(x) = 3,000 - 200x =0

3,000 = 200x

x=15 critical value

Since R(X) is continuous on the interval [0, 80], we can determine the behavior of the graph by constructing a
table. Table 2 shows that R(15) = $422,500is the absolute maximum revenue. The price of attending the seminar at x =
15 is 400 - 5(15) = $325.The company should charge $325 for the seminar in order to receive a maximum revenue of
$422,500. 400 — 5(15) = $325. x = 15 R(15) = $422,500

A walnut grower estimates from past records that if 20 trees are planted per acre, then each tree will average 60
pounds of nuts per year. If, for each additional tree planted per acre, the average yield per tree drops 2 pounds, then how
many trees should be planted to maximize the yield per acre? What is the maximum yield?

Maximizing Revenue After additional analysis, the management training company in Example 6 decides that its
estimate of attendance was too high. Its new estimate is that only 10 additional people will attend the seminar for each
$5 decrease in price. All other information remains the same. How much should the company charge for the seminar
now in order to maximize revenue? What is the new maximum revenue?

Under the new assumption, the model becomes M aximize R(x) = (400 - 5x)(1,000 + 10x) 0<Xx<80

400,000 - 1,000 - 50x°

R'(x) =-1,000 - 100x = 0

-1,000 = 100x

x=-10 critical value

Note that is not in the interval [0, 80]. Since R(x) is continuous on [0, 80], we can use atable to find the absolute
maximum revenue. Table 3 shows that the maximum revenue is R(0) = $400,000 The company should leave the price
at $400. Any $5 decreases in price will lower the revenue

Table 3

x I )
0 0N, e N0
i il

After further analysis, the walnut grower in Matched Problem 6 determi nestHat each additional tree planted will
reduce the average yield by 4 pounds. All other information remains the same. How many additional trees per acre
should the grower plant now in order to maximize the yield? What is the new maximum yield?

The solution in Example 7 is called an endpoint solution because the optimal value oc-curs at the endpoint of an
interval rather than at a critical value in the interior of the intervar. It is alwaysimportant to verify that the optimal value
has been found.
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4 GHLyoo 185,723 233,100 47,377 25.5%
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6 362065 33,744 34,308 564 1.7%
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2. ,390250 BsBL, HMYMO sdwsdgdgb dBgby BHowmgdo, HMamE® SOl OHPWIdO D306 s
Lol Ge@O 0d0MHGDS 2o35M35M9dE0 3BY 53 ¥YdoM® MLSLEWWMDdSTo (0mbgwrosbo, 1965, ag. 82).

3. ,6oBdgd0 56 BBL, Aozl soMBgg dbmenme d96s3gL.“ (0mbgerosbo, 1965, 43. 83).

4. 50505053 306 ogol, Mo Gobxzom 9my30f93L Fog6gds, BogMsd gl GMD 565, b 99 FoGgbos
90396035l 39MabmEgl Babosgo s @3 39 dmdofiggs 3oL 0980 edol Fsmgbgds“ (ombgosbo, 1981, ag.
10).

33300, 939000 Bsdmmzmor F0bsowgdgddo, Bsmvemo Lo@ygzgdol bsdwmswmgdom, 5330Lgdly @
5BMYogoL GogdEHgoL. FoddE0ma:

1. ,3mbos, B3grangd®og, MLG39bs GMIgeorss 8m@ogbg s 3L 0d693ws* (0mligerosbo, 1965, a3.
320).

2. ,B3999amgdobsdRG, ©o3xJJo Logobddm, TopMsd 830053  Sbeml  5M0BIN0 56 o0 356"
(0mbgosbo, 1965, a3. 327).

3. ,98 Bggmmgd®og 53d5@s3 805BBEIm, oM Lo330M39¢0 0gm, b Fs@MEHMbgws 9GO OMYMO
SbYOJOs 59EIBL* (0Mmbgarosbo, 1965, 93. 35).

BoM07@0 LOEY3gd0 93BHMML 458mYgbgdMeo 543l Fobsdsgoeo s ImIEY3bm sHMIdOL wmyo3MMO
056530800930 Md0M L5 JOS. ToYITIOMO:

1. ,3060dom, gb 0dmEgbs LoYyzsHME0s, 3530l MZseo MM 396 F9H3gos s MBLYE 396 (3gds s
396 bgagl 030, 8903 gds 85 6580300 Labgos 396 eM35L“ (0mbigarosbo, 1981, a3. 17).

2. ,300093 39630, H®MI B30l FBOH0L LssgEMm GBI Mo RbL, TogMsd dmgdol sdobo Mo
Lsbgms, IH39M35wgdoLs Hs 0ymb! (ombgerosbo, 1981, 43. 10).

Bo0700 2580bo@egl Hoboogdsdo godmmgdmmo sDMOL FysHmb, 9.0 0dsb, mvy 30b 939,360l ob.
0585 0M5:

1. ,056G0¢s IGO0 0¥ 0gm (35D, OMAMOF dJB0S S8BMOPS, MoB™3 0fYgl Mo S MOGH™T Johbs
9399965%7 30dgb@os 393 9Modg?“ (ombgeosbo, 1965, ag. 359).

2. ,0bg3 30bMmEs Moes3 Igng3s, MY by MGs dm3zombgzs, BgBo sBGOM, SO JF>GHMS...
(0mbgeosbo, 1965, a3. 371).

3990bo@ogl Imnddgeols J0ge 259mmgdmeo sDEMmOL Fgz3sLgdsl. ogomoms:

1. 089, Gm3 6gd0g@msd  Bogbmwo MBI w-IOEIMmI© ©d  13gdgEBogMI©  Ad5FIMS*
(0mbgerosbo, 1981, ag. 68).

Roormeo  a30h39690L, Gmd dmddgwo  sMHIMbadmos  3sdmmddmwo  sBMOL  Lodstomengdo.
0535 0M5:

1. ,0b63560L J399 o@LBL IMBIBL o6 35300700, BogMsd iysebg Bmlivyeds FgHmdEol Jogrgdds
MM 3903306039L, g MLS330039m0, B39 gdMH03DY 9@ Hsbl I3F0MmEO Logdgh™ (0mMLgeosbo, 1965, §3.
189).

2. ,05 dmmb ©s dcgrml, dgb bmad Bgdmgol gohbo 439ybsc...“ (0mbgarosbo, 1981, 3. 18).

3. 8560509, 1396 ©oLbY3 Bl 39 3039393, Fop®s0 Bgbg sLg3g 6 Fodwgz dg LAggwl, d3gg0m
Bo0mmgbmbg s ©396 bgenEe®ogwo go3d6mwbog” (ombgwosbo, 1981, 43. 8).

J399mo  Bsdmmgwow  Fobosowgdgddo RO  asdmbs@ogl s8s vy 0d Lsbol Bodsmrmgol
05659mbo9dGHoLEET0. SLgmo Asdmmgds b3gmmgd@mog dgo3sgl BBol 39-2 30H0L BME@TLL, HMIgEoE oMl
dobg300 36ds6xd005 56 HHOHMBOMO. BoQOWOMS:

1. ,896 sbars o6 a5803306@9L, S bMdgwogzom MHMI ggdNLooxgdo, Mmomdml dbsmbg bgwo

3Jmbgl 35b3g9o s BEgEbL ™t 3oxIm* (0mbgwosbo, 1981, 33. 12).
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2. ,608 30mbsM0o, 5 3060 99 dmafyzodg 996L xmab, Gmames GBymwo s 383960960, vy 896 dgbo
9mdol gOmYMEds M50bds 4odmdo@ywg, MmId dmddgbo 4gblbs s bogsmo magzbyg dgbo bgdoom so@gbg®
(0mbgeosbo, 1981, a3. 8).

3. ,bmd 30mbsM0o, 96 Lbgs bo®, dmger 9399965%9 gOMI@IOMO, dBRL HMI 5O 039090 s LOES
3005000905, 0g 0m9bds, ©MY356YOm BHMI bsMMd s b3sw0bEgw by BOHMBzom ©s ImbggFom o6
09fo6g0 ffrymobmgqgeb“ (ombgeosbo, 1981, 3. 22).

Bor070 LOEGY3900 MGH0s 0MbYE0sBL AsdMYqbgdEo 5gd3l LosgrgMlim s Bogowol 360dzbywrmdols
23990bobo393500. FoQ5I0M:

1. ,905 803935, 0mf3939, 9MmdM©OTds, Jgbo FoM0dg, 996 a965335¢0g o o0doms JoErmgs”
(0mlgeosbo, 1965, 3. 37).

2. ,-©90©s, 396533509, ©J0©s, FgdMYg3ey...“ (0MLgErosbo, 1965, 33. 188).

93980 Bsdmmzgeow §obssgdgddo, Rs®meo Lo@EY3s »oEdsm* gadmbo@sgl dmddgwol 3505,
$065005@90530 250003190 sHBOOL bogagdomE MYy bgI3m@ BoBbY3L. 1939, RO LoGEY3S »OMEML
05 dmeel” 2430839690, HMI dmgdgero sMEIEgdE0s §s9mmMddrEo sDOHOL LoTsHMNEWGIo. FoRITOMS:

1. ,5¢md5m, ©gEsL B59dobs dmMml ©s dragrml™ (0mligerosbo, 1965, 3. 360).

OMAMOHE3 30300, BsOmwo aodmogmas ddodom 96 3dodggdom, TogMed MOmamea s0bodbywo
0595¢00mgd06 Bsbl, MmE0s 0mligErosbo Bmy 89dmbzg3zsd0 Bo®mvyen Lo@ygzgdmsb ddodgl s6 oygbgdl.

509bsg, B39b dogm 4obboweo BsMommol bdsmgdol d900bggzgdl goMm3zgwero 60dzbgwmds 5Jal
™05 00190560l F99mddggd0m0 LEBHOWOL EOLEHILOSMGOS.

»905 0079 00 BsMEo LEHOWYOHO BbJ30900L FoTMYMAs S EIbILOSMYdS bdod Fgdmbggzsdo 5063
1B309dBHM0s. BIODWW®Ms HFMIOOL MZoWLsHBOOLOM 33003905 oMo  LOXOFIMSGHWOM gbol
d93w90DY, 39bLO3MPOGBO™ 30 - ZesliozMmbms 9Bsbg, 080 sMOL Goligyo, M byl Igmfiymdl ,,ambgdol
396x0dL" Lsodolm, MM RGO 3MbEgJuEOL FgLoGY30LOE 9dm3z094gbmm, - 0lyg, HMI 00 MbEIBMEIL
AODoL s 659030 0gml Hobosgdol sJ@MowoBgdol gMm-gMmo Lsdwowgds; dgmeg dbMog, bywl
3923009mdL 005303, MM {aMobol mv 99BEYzgagdolol o6 9m3gdEgo »MBMEOHIM LoGYzqdol ©3sewdo®
(3036509, 1957, 3. 165). 0g0s 3533535900 LOEY39d0m MM 3MJ350, ,09GY39gdol BoFb olgmo 350X 0TMds
bs, GMYMO G 4Y39wongOL bbgal. 993Y39wgdol Fystm sB6M0s s SHBOMOL igosdm 4mbgdomo 3bmgmgdss.”

@WOoHIMGYO:

. 0mbYEosbo M., sbowro bmggugdo, 3sdmdE.“Agmsbo”, md., 1981.

00l 0sbo M., bmggwgdo, 3oMLZgwszmE396s, d., 1965.

3303009 ., 056509000™M39 Jomneno gbol Lob@odbo, md., 1988.

3036599 0., 899439 9d0L LEGHOEEOL bs3ombgdo, 0d., 1957.

. 3Jo®odzowo 6., BsMomEol bdsMmgds owosl  31dwoEolGe  BafgMgddo:  JeMomao  Lodyzol
3@@@)@6)01) Logzombygdo, foyb. IX, 0., 1989.

Uos W N e

Bolisbgans®o BI6gdoL Fotrdmgds gsbogr dsGbmgzol 890mddgwgdsdo (,,00M5Bol AbaMggs™)

356059 3mBmsd300

3m3sbo@e®mvyen d93b0gMgdsms B39 GHYEHOL 3535¢003M05E0L
UHog3egd0l dgLsdy Herol LEGabEo

b9wddm3s69wo0: 356059 3mdgM0dY, 3GMMBILMOO

Loeo@gho@mdm 9bs s IPgMEmds §OHTbgmmsb MomMglis 3F0EOHME MOl ©35306gdMEO.
™mM039L  Bolobgobs o Bsdmygowodqdols 3MMmEglo  9OHMNOOHMMEsE 0fygds. IFgHEmds s LogMom,
WOGHIMGHYOS FoMdmmagbgmos 9bol go69dg, 0bgzg Mmam®E 3MLogs dRgMHOL goM9dy, 56 TboEzMMds BgMol
396989. bsFoMdmgdol mgds, 00Ys, 538530, 380MYd0, bolosmgdo M Lbgs o3 Fbmem Lo@yzol dgdzgmdom
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obbsdgb bmOEL s sbgbyb bgdmddggdsl 930mbggeby. dogbod qm®300, MMaMmE 3bmdowos, gbol
@oFIMGHMMHOL 3003900  gegdghGo fm®s s 980 MRS  29TMbsdo dolo  dablogzMmMgdMEo
3600369 mds  @0GHIMoGHWOOLIMZ0L, 390dm© 30 bOEY3935BIMo  IFIOHMBOLIMZOL. F0JBHMO 30wgam
5003Mds: ,965 GHMOEIBIOL oo PgMgdol dgoMo Lgwrol gmbgdom®. gl bos@mgsbo mdds 0dsl
3obbdmdl, Mmd oo IHgMEgdol gbs sbogr-sbowr 653500985 gOHMZ0L LoEroGHIMsEWOH™M 9bol g
90006569L, Dogmbs @ dogsl 3053gdL Isb, o PGPy LobgwgdMab sMHOL 35380M9dMwo sbso
9393900 LoeoGgMo@Mm gbol gsbg0msMmgdsdo (Bb. FmadmMody, 1956, 33. 5).

3. 3o0LIBMOOS JoOMMNME LooEIMoGMOMm 965%Bg (oM, M hggbl Low3Mbal Yy39ws®y d9d¢e©
absbosMYRL: ,299mmMJdol LOBMLEG s FoBIMHOOL g3mbmTos®, bemeom 530l Imy3sMHJds g. 0. ,350mmddol
LOBMEBY s F5FIMOOL 9g3mbmTos”, Tbmerme  Bo8ob 6oL Fgbodwrgdgwo, MmEs bogbol gbsl gseroddo
9593030 MUAGHO®. ... 960l A363005MGdSL IFgMowo 5dwgal agbL. FgMoco Jobol sbowrlls @s sbogn
3033mb03090L. oo [FIMIwo MHYRMOTsBHMM0s Bozombsewmmo gbobs. ---- gbsmdgsbog®o Lfagzwmdl s
absmoLbgdl Mol JogH dm3m3zgdver dowfigggdl“ (6. wgdmbyxsgs, 1981, ag. 7)

08 5659OH® 0O Mol FmMol, GMIYdToz 0LYPSE “YOEMLIE FEOEIMO  JsBmEo
@OoGHIMGHMYOOL  Logobdwmo ©oEIIMWO  WOoFINIGHMOIWO  dJAWIO0m  355dEOEEMIL ®530L0
999mg0909%s ©©gIg 33¢930L5 s  gbbogol Loabso od3ogl s ™Mogz0sbmo 9dmgdggdoom Lozmms®o
0000oM0  gbmdMO03-bBHOWOoLEGH0ZMMO TbsMg  ©oa3965bgL,  VOMLYMESE 03593908 SO OLEGHMMOEO
M™dsb0b 53399 gdgE0 3oL dMBMZO.

39b0g 35MBM3oL (BMbs39w0lL) 999330MGMdS IMo3gL MOIMEBY 39¢) FMMbEOMBILS s Bmggesl,
6m0gddog XIX L.-ob ©sdgrg3ls s XX b.-ob 306039 sofiergyendo FodmIBowo  Lsbmysmgdmozo
303 gdqdos  ©oLIMEOo. 35L0er  BIMBMZOL 35l 93360l  CLGMMOoMWo  MHMIsBgdo ,Lsbogsomm
boyzsm¥E0®, ,000JMSWo FoMog356@IO*, ,GHOBMBS Fos9gdmwo®, ,sMmdobol Abbgmgzs®... dsMbmgol gbmdMogo
0530L931Mgds 2oboLEBEEMads dolo  Fgdmddggdomo bEowom, 39HINE, MOGHIMWo 3OMBom. RO>HBOL
23oLTFoMM0350 FoMdo© 09Ygbgdl  sMJorgem wgdlogsl s LobEIJuH bmE@IGdL. Mbzs gbgdom Lo@yzs
§o630gd0L Fog9e0mgdLog (JosOmgzgwr dFgMowms bmzMmgdol abs, 2011, ag. 247)

bo@yzomfs®mdmads  gbol gdbozMmo Foesaol A5dEOEMABOL  LsdLsEgdss. 00 0bYMO GoMdIMOZ0
36mEgbos,  OMIgwoE  geedsBogw  39bmbgdl o6 9d390gdogds.  obagzolBogsdo  Bghdobl
LU0GY350oMmMgds“ Mo 96083369wMmdom 0ygbgdgb. sGLYdMBL LoEY3sMFoMImgdol gs6dsM@Hgds 53 36gdol
30060 9989000 ,L0EY390[MTMYGds  9MOL  LoGY3zgdol  HoMdmgdbs sMLYdMWo  gbMmdMoz0  Fslaeols
Log3dz9BY s oo EobTsMmgdoM™. 53 Fgdmbggzsdo 0g0 gobobowgds, MMyMME MHmIgEody Lsdgzbogmm
©obE03wobol - adbozmEMyool 96 4MToE030L (FMOFMEMyool, LobEoduol) 8qdsygbgro bBsffowo,
H™Igeos »990bFageol Lo@Yyzgdol 53900l 39dbogol®. Jommzguo wobagol®gdo, Boaswoms o. 8s60dyg, .
3393099 LOEY3FoMIMGISL  JOMOMOIE  TMORMEMY05T0  59M0569096, di3s domo dgmeg bsfowo,
09500mo: 5Mb. B0JMd39, 3. MGTMM0S, 0. BMMHBOTZ00, M. A509Bs35 s bgsbo, sl wgdbozmemyool
990500396 ™d580 Im0sBMYOID (sew. ermb®o, 1971, a3. 45).

LoEY390(oMmTMGOOL  JOHPOEIOMO BoFNPds JoOHMMWTO EIM0Z5E30dS. IM035BO©  FTdM0ygbgds,
MmO dgbsdsdobo sbodbmmgdol sx3odbgdo, oby sbgdMwgdo s dGMMBlsms Bodbgdo. [omdmddbs
Jodormedo Lsdo Lobolss: 3Mgx0dbmo, brgodubm®o ©s 3Mgx0du-Lygodlw®o. Homdmgdbowo owmdg
Gobos®lom  Ibgoolibgog35Mm05. 0l FoOEOL  JMMO  MIBOO0KoE Jgmeg sbGoado. Fo@mdmddbowo
LOEY3900b A5TMOYMRBs: MbEJdIMEgdoms s dMWE30L 60dbgd0m Bafo®mBmado, badolibol, Bsdgmgmdol,
BLAHMJHMo, ©s60dbMEwgdol, Jmbgdol, vJmbemdol, FoMmBmdogermdol, dmLsgddgmdol, 3bobmdomo
Lobgangdo, H3b6gd0 s LobgarHdbgdo. gbsdo J0dEobs@mgmdl, MHmamema Labgwoms 39MHBSW0BsEo0L 3OMELO,
abggg BI6oL  LBLEBIBE0Z030s. FgLodsdolo Bdbol 30Ol  s80dLYdIOL  EIMMZ0m  Tglsdems  dmbgl:
LmdLEBOBEH030L 5©09dEH035309, LYBLEBEH0Z0L BIBOL MBGOYTO FoEILZW, 500gdEH030L LYBLEBEH035300,
Babob bmdLEBIBEH03530s (s¢0. YWw™bEo, 1971, 93. 45).

3oboE  d5GBMzOL GMIsBIo ,5MTobol  Jbzmgzs“ gbggdom  Bolobgwst BIbsms  FomBmgdol
0525 0m9dL.

36mdoos, ™I BI6gdo LsbMYPsEM MOHAZ5M0s: oMo ©s Babobgwsmo (30639wsEo @
§o63mgdboo). Homdmgdbowo Babgdo Bofoddmgdos Lbgs d9@Y39egdol boffoologsh. gl Ggodwgds ogmls:
3MLJd0MO Labgo, BgELOHMz30 bobgwo, bozswbabgwo s Mosbgzgomo Labgwro.

39b0¢ B5MBMZMB goblo3MmMHgd0m bdoMms 3b3wgd0m BTBsms FoMdmgdal sGLYd0MO LobgEOlyb:

»3960L  3oMom  FgAToM0Bgds  ObMBdL, 3sBM0o  Bomgl  Ighomb  momambgdosc  (ag.  20);
»X3903390bogsb  8mdoergdos dsews Labfawmegd®mog 31MBgdOLS‘ (a3. 36). mMogg Bdbs sOGLgdoMO
Lobgerolsb 060l Bofomdmgdo -9d mgdols s -3 dgbsdg LwdogdBHMo 3o6ol 60dbol shmzom.

146



,00g35M90m 45500-556509g8L 339609MOL #53090ME-RsdbgEgdME Ml (33. 150). dbyogbo bgdboom
933)M0 300w MdL gImEool goddonmgdal.

39L0@ d5MBM3sb BIBIBO HBIoMIE 30MEI30M M0l BIfo®IMdO TgLodsdolo sx30JLoom. ToRdTOMS:
»3933930¢0 BOMIO0 Bsds© FmbbIMwos”. bsfo®@dmgdos BIbs 30MHol  60dboL  sMHMNZom. bsffo®dmgddo
33630905 BgLIO™O30LoYsb  BIBOL  FoTmgdol  TogaswomYdOE. ,09H0EES  Fod30, LMY  Md30
399mdobobol ob*. (33. 4) Fomgwobogsb bofomdmgdos BIbs Fgfomers.

396Ls3MOgdom bdomos HBBbsms HoMmdmgds MLYd0MO Lobgegdoboysh. Lmamo godmfiymdowo,
gdbom Loglg 08Bs0, bobg ModmEs*. HIbs MWodms bofomBmgdos sOLId0MO Labgeroboysb - @odogmo.
»90@5 0L 56503 gd©s, F3Mdwgdgwro ogm Fgbgdom fFoligers®. BIbs Boffomdmgdos sOLYdOMO Lobgaoligsb -
6ow39e0. ,guHMBME 930S M35¢0 Joasd sMHT>BoLEM30L* BB bofamBmgdos sGMBId0MO LobgEologsb -
UH®sx35. 1600 398MMMZEIL (30bg, 33693I0EEIL OO A9s3560m . BIBIdO Bsfo®dmgdos BgpbsMmszo
Lobgangdobash gs®amm s 833039 (33- 5)-

dobgo  xs35b0d3000  FgMs: ,gbs  IFgMEOL  BOESZ5M0s, Tolo  MPMegMILO  0sMOoMm®. gl
©59m300090Mgds  IFgOHOl  Boo@gModem  gbolodo 8339mMs© oym  godmbsdwmo  Jooyeo
Loeo@gho@mm 9bol 4963006930l dmgel dsbdowbyg. 530 LGOS MOIMSZ0 FoQde0MO T9R300w0s
030935b6mm. (3. amamosdgowo, 2013, 3.  62). 5730w gdgmos IHgMods ©o0339L Lsgmomsmo gbol
Lofdobyg, ©0335L 9bol gMsds@03Eo BmMIgdo, d9ddbsl MBESE LogwmeMo, 0bEozoEsEIHO bBowo
©5 500 MBOM  2o58EOEOML  JoODWMWO  WOGIMIGMMS. 5O MM JogdoMo Bggbo gbol MEgb
bgHbgdowmab - gl sHObL Jomomo gbols yMmsds@ogs.

©@0oGHgMsGH 6

1. 5. @E™bG0, JoM0mEo gdbogol Lsgmdlzwgdo, Mmdowobo, 1971.

2. 9. 3035930000, JoOMo LaEoEIMsGOH™M gbol bst3393900, MdoErOLO, 2013.

3. 6. g8mbxsgs, 3mbLEHBE0bY godlobmEosl gbolis @s GOl bygzombgdo, Mmdowolio, 1981.
4. Joonzgar fgcowms (3bmgMadol a%s, 65033930 I, Mmdorobo, 2011.

5. B. 31006H0dg, oMo LoeroBgMs@mm gbobs s LEOwL Lszombgdo, MdowoLo, 1956.

3006030 LeL05d30¢ol FMMbOHMDS 6500l §306H5d0“ s oL ool BrMYOIMMO Ms30LYdIMEMYdS

60bem grognodzowo

3m3sbo@o®mvyen d93b0gMgdsms B39 GHYEHOL 3535000360053 0L
bfogargdobl dgmdg ficwol bhrygbdo

b9gddegsbgeo: gemgbg bemxgzs608300, 3OHMIBILMEGO

gmggwo  F9ddsmoGo  dfgdowo  890mddggdomo  30BsbEolabemmdom  magds  LoGYzel.
WOGHIMGHYOMOo  bdgoMml  gumgBH03MNE 39wL IgBHORMMYd0, FgEsMgdgd0, LoTdMEMIdo, boGJOO ©
LY GdO J3B0sb.

39¢o8MmM0L  dmbgbowms@ godmygbgdomss dgddbowo dbs@zmmo gmbo gomMao Lmbosdzowol
IbOMBOLS  ,BomEol  3060500.7 5 MO39  FYBHOBMOL  dgbggdom, Mmdwgdos IPgMol  9bol
mM03065MOHMBsbY 39GY39wgdL. 3gBHoBMOIms 83909000 IFgHowl 5M0gMmo FmeddgFsg0 brMoco
293L 89Jdbogro:

»3o0b3oM, dYHMY39d bgmo boodoml dobosMo Fmbol yarm®EHogom dgbdgol Fmodmdsgowl®.
3Ly 29dMb39aL Moo IMbvy30 500530560L Lolemgdsly S Yob3EL LogMaMo dmsdmBagwrolsdo.

5659900039 9O @Mds FoMmBMmMagbgeos Bowmbmgzom®mo gsblixol s Mgnwgdlool goMgdy.
LHmOmgo 3b™m3mHgd0L, Frmobmuwol FoMmdagumdss godmbs@mmwo Lggoom boglby 8 LEHModmbgddo: ,d80fsL
3990q0bstrs, Gggbobligms s ob Mo gMo EOHML MMI doRS-dMR0 FIIVOMPS Jbs LEREs30L dofs ogm
Jgonwo.”
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dogho gImEovmo EIGZ0MM30L godm J30mbzgml Aol O sE™M39dL IFgMerol doge
23900Mm(39000  39MOE39¢gOOL LvEsmo: ,aMmdbmMmdEs, MMM 9fYgdm©s SLOGRMIBs©  Podbs©IdIMYO
Lo 0g09M Lbgmb. sbsgro Mowsg 005©gds - 0 Bgowo, s Lvyao-Byisob. »B30300 25d09IMHOS,
93060 B300b dEIOOL $H3030¢0.

>0 229Eb 30509, gHom T Fo ool Z9GIMJOM 53055730 LEBESZOL Lo 3dgL.

»0%9 0bg 345853901 0Y4M, MOMIM OO bbol OB O IBsNMBO LETsMOEH sdMgLMm.*

9mbOHMdSd0  ,bsGHNM0*  FgBHOIBMOMWI©  J3gwo  3mOEGMIBI00,  BIOFIOM  GHowmgdl
3393069096 s LomEsMo bobsom Fomdma30y9bgb bbgsalbgs LyMHsmb.

H9m50o Lobogwomby Fgamdsmwan dgdmEymdsl s1g 50a30H9ML: ,0dMHMTo o3w0390L Y39esBIMO,
390 Lboggdo ©s3303™M3s ©M30b©s 19339, MLIgbs d53d3mdOL TgmdSML s MOMIMm MJHMPOEINIMOE?
R0Egdbg J0000xJOES. Fom3Mow bggddo Fobwsdmwymoym 99dmamdol dbg s 396 sbgMbgds 0s30L
05336M9bsL.“

035Wbows©  (oMdma300985 ©OOby s ©odol  aogmol  omsddgIsgzo  Ligbs  d9dgyo
LEHModmbgdoom:
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A CHILD’S WORLD ACCORDING TO RAQUEL JARAMILLO PALACIO’S “WONDER”

Anano Makashvili

Faculty of Humanities,

First Year Bachelor Degree Student
Supervisor: Maia Bolashvili, Invited Specialist

Raquel Jaramillo Palacio is an American author and graphic designer. She was born in a family of immigrants
from Colombia. She is the author of several novels for teenagers, including the best-selling “Wonder”, which was
written in 2012. “Wonder” was filmed in 2017 and it gained a lot of popularity. It was nominated 22 times and won 2
awards.

“Doctors have come from distant cities

just to see me

stand over my head

disbelieving what they’re seeing
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They say | must be one of the wonders

of god’s own creation

and as far as they can see they can offer no explanation”

--- Natalie Merchant, “Wonder”

These words refer to August Pullman, A boy who was born with a facial deformity. He did not go to school until
now, but now he is getting ready to enter fifth grade. We all know how hard it is for a new kid to enter the world of
strangers. Especially, A kid who has such a problem. No one knows what kind of people he will meet there, maybe they
will be rude or opposite- kind to him.

Auggie Pullman is avery strong boy. He is much more stronger than seems.Despite all of the problems which he
had at Beecher Prep, he managed to et through them and live like other people do, but he managed to do it with the
support of other people and with the attitude of himself. Auggie makes friends and inspires those around him to look
past hisfacial differences, see him for who hereally is, and treat each other with kindness.

As | mentioned before, the main character had problems at school, For example when he arrived at school for the
first time just to meet afew pupils, one of them asked a very rude question:

“What’s the deal with your face? | mean, were you in a fire or something?”

That was Julian, Auggie’s biggest obstacles at school. He is rude to him and makes other kids to behave like
him, too. He is popular and his popularity is important to him, which is part of why he was so mean to Auggie. At the
end, he feels badly for how he treated him and apologizes.

What made August to like school? It was Mr. Browne’s September precept. What is a precept? It’s a rule about
really important things. Everyone has their own things which thet think that are special. At first lesson there were lots of
precepts like rules, schoolwork, homework, family, parents, pets, our world, who we are. The last one is special for Mr.
Browne as he says:

“Who we are,” he said, underlining each word as he said it. “Who we are! Us! Right? What kind of people are
we? What kind of person are you? Isn’t that the most important thing of all? Isn’t that the kind of question we should be
asking ourselves all the time?” What kind of person am 1?

We would agree with Mr. Browne. If we understand who we are today, we will be full-fledged person’s in the
future.

Let’s get back to Auggie. He cope with problems, he cried a lot, he was heart broken, but he never gave up. He
became friends with Jack Will, who at first was with him because of teacher’s advice and Auggie heard about that |ater,
but then he also understood that Jck felt sorry because of his behavior and Auggie forgave him. This is the beginning of
atrue new friendship and we are right. Jack was happy as he had August as a friend.

There are so many people who stand by our side like Friends, Teachers, Strangers, Family. Who strengthens us
the most? Of course, our family. They never stop being around us, support us, love us. For August Pullman it was his
family who helped him to make a new move in his life. His mother, father, sister and his dog. They were close to him,
they were by his side everyday . August got the Henry Ward Beecher medal for his quiet strength that has carried up the
most hearts. On the way home he noticed that his Mom wasn’t walking with the group of grown-ups and he looked
behind. She was hanging back a bit, smiling to herself like she was thinking of something sweet. She seemed happy. No
one knows what’s going in mother’s heart who never gave up, who knew that someday her child would be happy by
what he is and that day came. August surprised his mother by hugging her as she walked. She answered with the same
action.

“Thank you for making me go to school”, I said quietly.

“Thank you, Auggie”, She answered softly.

“For what?”

“For everything you’ve given us”, She said. “ For coming into our lives. For being you.”

She bent down and whispered in my ear. “You really are a wonder, Auggie. You are a wonder.”

We all have our own difficulties, that makes us feel terrible, but there won’tbe any point to give up. We must
fight like August did. What can we learn from this book? Of course, kind. We should understand that appearance is
secondly and humanity isthe first. That will help usto stay humans for our whole life, to protect others, to support other
people who need help. There is nothing better than know that someone became happier because of you.

Do you remember Mr. Browne’s precepts? Now, let me tell you one more that is inspirational and which will
make us think about many things

“When given the choice between being right or being kind, choose kind.”

APPLIED LITERATURE:
R.J. Palacio “Wonder”, New Y ork, Publishing House, 2007.
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,»Quaff, oh quaff this kind nepenthe and forget this lost Lenore!'

Quoth the Raven, 'Nevermore.'
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»~And the Raven, never flitting, still is sitting, still is sitting

On the pallid bust of Pallas just above my chamber door;

And his eyes have all the seeming of a demon's that is dreaming,
And the lamplight o'er him streaming throws his shadow on the
floor;

And my soul from out that shadow that lies floating on the floor
Shall be lifted- nevermore!“
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| - Future Conditional: If I have the money | will buy a car.
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If the weather is fine, we go for a walk.
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If oil is mixed with water it floats.
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If it’s Tuesday, it's Sam’s birthday.

099 15855000, 1LYIOL OSPIOOL WYo.

dmenem,  dgmobg  8gdmbggzedo  dmogo®  [oboogdedo  4939mgdos  BMLEGO  ©obggbo
53300 MWom  3oIMEJIMo  God@ob 96 Imgegbol Lsgwydzgeby. domdo Fgodegds Tgagbzql
Lbgoslbgs MM, s39JEH0 96 IMEIEMEmO BTBs. DodoEoms:

If he is like his mother he must be a good-looking chap. (Oscar Wilde)
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If it rains we’ll stay at home.
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If he gets the job, he’ll be going abroad.
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If it rained tomorrow, we’d stay at home
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If you went by train, you would get there earlier
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If it had rained, we would have stayed at home.
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If I had worked harder at school, 1’d have got a better job.

(659gm LEMEo EOHM-IYymxBso BsdgmTo LEHWo EOM).

L3080 HMI MO IgEo 998998535, ¢3909L0 LodbobMo F9dbadmEs (FoBMboESZL Lobsbwls)

(I omE@dgmdomo df360030 - I bmerdgmdomol 3f3¢030)

If I had lived in Alestone Age, I would have been a hunter
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She’d be better company if she didn’t complain so much.
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